*¢ Formal Semantics: Truth Tables and Truth Trees «¢

3.3. Conditional Semantics

Our previous strategy for developing a formal semantics was to match each
‘cyclical’ (recursive) construction rule (for negations, conjunctions, and
disjunctions) with a likewise ‘cyclical’ truth rule. Having introduced
conditionals into the formal language by way of a new construction rule, we
must now match that with a truth rule in order to guarantee semantic
coverage of our expanded formal language.

The construction rule for conditionals was like those for conjunctions and

disjunctions: the connective unites two formal sentences, and parentheses
wrap the outside edges.

5. 1f @and A are formal sentences, then (® — A) is a formal
sentence.

As always our own understanding of simple English sentences serves as our
guide in semantics, since the arrow is intended to faithfully mirror English
conditional phrases such as “if... then”.
Consider a specific English example.

If the tourists left, then Jack went surfing.

Translate this into formal language via the following translation table.

P: The tourists left Q: Jack went surfing

(P—>Q)
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The construction tree for “(P — Q)” is simple enough.

(P—>Q)

N

P Q

As usual, the semantics will repeat this construction, horizontally.

Pl Q| (P>Q

With two sentence letters, four valuations are called for.
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We expect truth of the conditional to depend on the truth of its parts: the
antecedent “The tourists left,” and the consequent “Jack went surfing”. So
where we disagree about whether the conditional holds true — perhaps to the
point of wagering money on the matter — we settle the issue by asking Jack
(i) whether the tourists left, and if so (ii) whether he went surfing.

The first case is straightforward: if it’s true that The tourists left, and true
that Jack went surfing, the whole conditional is true.
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The second valuation is equally simple: if it’s true that The tourists left, but
false that Jack went surfing, then the conditional is false.

Pl Q [ (P>Q)

1 1 1
—> 1 0 0

0 1

0 0

The remaining two valuations are more perplexing, since they’re both
situations where it’s false that The tourists left — yet the conditional stakes a
claim only about what happened if they did leave.

As bets go, we might call the whole thing off: no one won or lost. But
formal semantics can’t be so casual — for declaring, in a similar way, that the
sentence is neither true nor false here would violate the Principle of
Bivalence. Our semantic principles force us to take a stand.!

For a variety of reasons (discussed below) we declare the conditional true in
cases where its antecedent is false.

P |1 Q |[(P>Q)

1 1 1

1 0 0
—> 0 1 1
—> 0 0 1

And we expect this to hold for conditionals in general, regardless of subject
matter. So without reference to specific sentences such as “P” or “Q,” we

! For a sentence to lack a truth value in a valuation is known technically as a “truth value gap” — something
tolerated in ‘free logic,” but not in our classical semantics. For more on free logic, see (Bencivenga,
Lambert, and van Fraassen 1986: 71ff.).
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state the general semantic rule for conditionals: a conditional is only false
when its antecedent is true and its consequent false.

Conditional Rule

® A (- A)

1 1 1
—> 1 | 0 0

0 1 1

0 0 1

The decision to make the conditional true whenever its antecedent is false —
valuations 3 and 4 — might seem unintuitive on the face of it. But it can be
defended by appeal to various judgments about truth and sameness of
meaning which are themselves quite intuitive.

Were we not to count the conditional true in these controversial valuations,
the only alternative Bivalence leaves is to have the conditional false in those

cases.?

Pursuing that alternative, the semantics would yield the following rule for
the conditional.

& Alternative Conditional Rule £

® A (- A)

1 1 1

1 0 0
—> 0 1 0
—> 0 0 0

In that case a conditional would only be true when both its parts are true —
precisely the semantic profile of conjunctions. Following this alternative
rule treats conditionals as logically equivalent to conjunctions.®

2 We consider a complication to this claim in 3.4.
3 Here, and in parts of 3.4, adapting comments from (Kleene 1967: 10 n. 12).
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But we take logical equivalence as evidence that two sentences mean the
same thing. By consequence, this alternative conditional rule makes the
bold semantic prediction that a conditional and conjunction built from the
same atomic sentences will mean the same thing.

£ Result of Alternative Conditional Rule £

P Q | P=>Q) (PAQ)
1 1 1 1
1 0 0 0
0 1 0 0
0 0 0 0

Is that right? Consider the following two subject matter sentences, and the
conditional and conjunction constructed from them.

P: I won the lottery  Q: I’m a millionaire

Conjunction: “I won the lottery, and I’'m a millionaire”™: (P A Q)
Conditional: “If I won the lottery, then I’m a millionaire”: (P — Q)

As English speakers, we do not take these sentences to mean the same thing.
So the alternative truth rule for the conditional makes an incorrect
prediction about sameness of meaning.

(Actual facts illustrate vividly that the conjunction and conditional are not
true in all the same cases: given the current lottery payoff, it’s true that if |
won the lottery I’'m a millionaire; but as a sad matter of fact it’s false that |
won the lottery and I’'m a millionaire.)

Having the conditional true whenever its antecedent is false permits our
semantics to avoid such an incorrect prediction.
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Our conditional rule makes further correct predictions about sameness of
meaning. For instance, English speakers take the following pair of sentences
to mean the same thing.

P: Lucretia will go out Q: Lucretia will take her umbrella

“It is not the case that Lucretia will go out without taking her umbrella”
(“Lucretia won’t go out without taking her umbrella”)*: ~(P A ~Q)

“If Lucretia goes out, she’ll take her umbrella™: (P—>Q)

Our semantic rule for conditionals judges these sentences to be logically
equivalent — the correct result.

P Q | Q| PaAQ | ~(PA~Q)| (P>Q)
1 1 0 0 1 1
1 0 1 1 0 0
0 1 0 0 1 1
0 0 1 0 1 1

Likewise the following pairs of sentences mean the same thing; and our
semantic rule for the conditional bears this out.

P: The picnic will be cancelled Q: Itrains

“The picnic won’t be cancelled unless it rains”: (~P v Q)
“The picnic will be cancelled only if it rains”: (P —> Q)

P Q ~P | (-PVv Q) (P> Q)
1 1 0 1 1
1 0 0 0 0
0 1 1 1 1
0 0 1 1 1

4 On why “Lucretia won’t go out without taking her umbrella” is translated the same as “It is not the case
that Lucretia will go out without taking her umbrella,” see 2.10 §3.
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R: I’m mistaken S: The quiz is on Thursday

“If I’'m not mistaken, the quiz is on Thursday”: (~R — S)
“Unless I’'m mistaken, the quiz is on Thursday”: (R v S)

R S | R |(~-R5>95| (RvS)
1 1 0 1 1
1 0 0 1 1
0 1 1 1 1
0 0 1 0 0

Additional evidence in favor of our conditional rule comes from logical
truth.

The conditional “If it’s raining, then it’s raining” bears all the hallmarks of a
logical truth (tautology): it’s always true (whether it’s raining or not), and
seems to convey no information (when contemplating the merits of
carrying an umbrella, a weather report that “If it’s raining, then it’s raining”
is thoroughly uninformative). Truth tables bear this out.

P: It’s raining

“If it’s raining, then it’s raining”: (P > P)

[ A (054
—> 1 1 1 P (P—>P)
1 0 0 1 1
0 1 1 0 1
—> 0 0 1

5 Careful reading the truth table for “(~R — S)”: only the fourth valuation makes the antecedent “~R” true
but the consequent “S” false.
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Note that here again the alternative semantic rule for conditionals would get
things badly wrong: since it judges the conditional false where antecedent
and consequent are both false, that rule declares “(P — P)” false in the
second valuation.

£ Alternative Conditional Rule £ £ Result of
Alternative Conditional Rule £
® A | (95 A)
1 1 1 P (P—>P)
1 0 0 1 1
0 1 0 0 0
—> 0 0 0

But that’s a mistake, for a couple of reasons. First, even on a rainless day it
would still true to say “If it’s raining, then it’s raining”. So “(P — P)” should
be true even when “P” 1s false. Second, this alternative truth table for

“(P — P)” renders it logically equivalent to “P”. Since we treat logical
equivalence as a sign of sameness of meaning, this alternative truth table
claims that “It’s raining” means the same as “If it’s raining, then it’s raining”.
But that’s wrong: the two sentences clearly mean quite different things; and
the first is informative in a way the second is not.

In light of these and similar correct predictions — as well as later results
concerning validity — we stand by our original truth rule for the conditional:
a conditional is only false when its antecedent is true, and its consequent
is false.

& But see reading 3.X on the possibility that there is more than one type of English conditionals.
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Formal Semantics: Chapter Three
1. Principle of Bivalence: In any possible situation, a sentence is
either true or false (not both).
2. Negation Rule
o | -o
1 0
0 1
3. Conjunction Rule
® A (0,4
11 1
1[0 0
0|1 0
0|0 0
4. Disjunction Rule
® A (0vA)
11 1
110 1
0|1 1
0|0 0
5. Conditional Rule
® A (0 A
11 1
110 0
01 1
0|0 1




